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QCD Contributions to the Froissart bound for the total cross-section 
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We discuss the effect of infrared soft gluons on the asymptotic behaviour of the total cross- 
O^l . section. We use a singular but integrable expression for the strong coupling constant in the 

infrared limit and relate its behaviour to the satisfaction of the Froissart bound, giving a 
CIh' specific phenomenological example. 

CD , PACS numbers: 11.55.Hx, 13.60.Hb, 25.20.Lj 



Keywords: proton, Froissart bound, total cross-section 



> 

Cn ■ Presented at Hadron Structure '07, HS07, Modra-Harmonia, September 3-7, 2007 

00 

rn 

O ■ I- INTRODUCTION 

o 

The understanding of the energy behaviour of total cross-sections in hadron and photon scat- 
• 1—1 . 
^ ■ taring is still an unresolved challenge. In our opinion, the major problem can be summarized as 

H ; 

5^ , follows. The simplest and most successful parametrization of the total cross-section for proton- 

proton and proton-antiproton scattering [l] follows from the optical theorem and describes the 
initial fall through the exchange of Regge trajectories, i.e. s"'^^^'^ with aij(O) < 1 and the rise as 
due to Pomeron exchange, i.e. s'^^(o)~i with ap(0) > 1. Although successful, this parametrization 
violates the Froissart bound on total cross-sections, established long time ago [4], namely that 
0"*°* < log s as s — > cxD. Other parametrizations have then been proposed, which are based on 
purely phenomenological grounds, but as such do not really give an insight into the mechanisms 
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of the rise of total cross-sections. In another vein, there are the eikonal models which use the 

impact parameter distribution of protons, often derived from the Fourier trasform of the proton 

n 

form factor, and a basic scattering cross-sections [3]. Among them is the eikonal mini-jet model 
in which the term which drives the rise is a perturbatively calculated QCD jet cross-section . Our 
proposal is to use this eikonal mini-jet model with an impact parameter factor derived from the 
Fourier transform of the initial transverse momentum distribution of valence quarks in the proton, 
calculated through soft gluon resummation. This distribution is energy dependent and produces a 
saturation mechanism which quenches the mini-jet rise in such a way that one restores the Froissart 
bound. In the following we shall first describe the soft gluon transverse momentum distribution, 
then the eikonal mini-jet model and its application to the proton cross-sections. We shall then show 
how this model for total cross-sections, in the very large asymptotic regime, and with a particular 
ansatz for the zero momentum modes of the emitted soft gluons, satisfies the Froissart bound. 

II. THE SOFT GLUON TRANSVERSE MOMENTUM DISTRIBUTION 

Soft gluon emission from the initial quarks and gluons introduces an acollinearity between the 
initial partons. Such acollinearity is energy dependent, and can be responsible for reducing the fast 
rise of the mini-jet cross-section [J]. We have described this effect in a number of papers, here we 
first discuss in detail the main characteristics of the soft gluon resummed transverse momentum 
distribution. 

The emission of an infinite number of low momentum massless quanta results in a four momen- 
tum distribution 

d^Pi^K) = ^ /d^xe^^-^e-'^^") (1) 

with 

h{x)= I (fn{k)[l - e-'^""] (2) 

where d^n{k) is the average number of soft quanta, gluons or photons, emitted by a color or 
electrically charged source. Upon integrating on the energy and longitudinal momentum variable, 
one obtains the well known transverse momentum distribution 

with 

h{b) = I d^n{k)[l - e-'^'-'^] (4) 



d^P{K^) = %^ / d^be^K^.b^-M.) (3) 



The above transverse momentum distribution does not admit a closed form solution, unlike the 
energy distribution in QED, which easily integrates to a power law function. This has led to various 
strategies to evaluate the integral in Eq. ^ , none of which is however fully satisfying, for reasons 
which we shall try to illustrate. Indeed, while the importance of this function has been known for 
a long time, in our opinion such importance has not been fully exploited, and in this note we shall 
discuss this point and present our approach to the problem. 

The simplest case to examine is that of the low momentum soft quanta in an Abelian gauge 
theory with a constant but not small coupling constant. It is then possible to make some simple 
approximations, as in |5(], and obtain a closed form for the transverse momentum distribution, 
namely 

where /Ci_/3/2 is the modified Bessel function of third kind, /? is obtained by performing the angular 
integration over d?n{k), E is the maximum energy allowed to the single soft quantum emitted and 
A is related to < Kx^ > and defined so that the distribution is normalized to 1. 

The above procedure fails in the non Abelian case, where the strong coupling constant is large 
but not constant. This was included [a, lD, 13] in the QCD versions of the transverse momentum 
distribution, still presently used in many phenomenological applications. Using the asymptotic 
freedom expression for ag, the relative transverse momentum distribution induced by soft gluon 
emission from a pair of, initially collinear, colliding partons is obtained, at LO, as 



16 f^as{kt)dkt^ 2E 32 [^ ^2SJ E ai . 

1^ ~ >^^t ^ ln(ln(-))-ln(ln(-)) 



^ ' ' 3 7^ vr kt h 33 - 27V; 1 ^ A 



ln(-)^ (6) 



where the integration only extends down to a scale /x. Because of the cut-off /i, this expression fails 
to reproduce the entire range of low energy transverse momentum effects and an ad hoc constant, 
i.e. the intrinsic transverse momentum, is introduced for phenomenological applications. 

The problem we observe in the above use of this distribution is its limited applicability to mini- 
mum bias physics and its lack of connection to the question of confinement. Our approach instead 
is to extend the integral over the soft gluon momentum down to zero modes; propose an ansatz for 
the behaviour of a^ in the infrared region, and compare its consequences on measurable quantities 
such as the total cross-section. In the next section, we shall present one such phenomenological 
application through the calculation of total cross-sections and in the last section discuss the conse- 
quences of our ansatz for the infrared soft gluon limit to the limitations imposed by the Froissart 
bound on the total cross-section. 



III. A MODEL FOR TOTAL CROSS-SECTION 
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111 ] at LHC energies using 



CTj^f (SjPimm) = / dpt j dxi / dX2 X ^ fi\A{xi,Pt)fj\B{x2,Pt)^ (7) 



Recently we have obtained predictions for the total cross-section 
a model based on hard component of scattering responsible for the rise of the total cross-section and 
soft gluon emission from scattering particles which softens the rise and gives the impact parameter 
distribution. In this model mini-jet events coming from parton-parton high energy collisions are 
responsible for the rise of the total cross-section. From perturbative QCD, we have the following 
expression for parton-parton cross section at high energy 

dpt dxi 

which depends on the minimum transverse momentum allowed to the scattered partons in the final 
state, ptmin-, ~ 1 — 2 GeV. This parameter represents the energy scale which distinguishes hard 
processes from the soft ones. Evaluating the mini-jet cross-sections using different LO parametriza- 
tions available for the Partonic Density Functions /ji^ [ij], we obtain a growth of a jet with energy 
as a (small) power of s. Soft gluon emission changes the parton collinearity and contributes in soft- 
ening the rise of the total cross section. The average number of soft gluon emissions increases with 
energy, with more emission leading to more acollinearity between colliding partons and less energy 
available for mini-jet production. These processes are best studied through an impact parameter 
(b-)distribution. The overlap function which describes the b-distribution of the incident partons 
in our model is 



16 Z"^™"" asik^) dkt ^_ 2q„ 



with 

hib,q„,acc) = ^ I ^^^^^^log=^[l-Joiktb)] (9) 

6 Jq tt kt kt 

similar to the one obtained in the first section, but for the fact that the integral extends down 
to zero momentum and Jo(^t^) needs to be retained for infrared finiteness. For a^ we use a 
phenomenological expression, which coincides with the usual QCD limit for large kf, but is singular 
for kt ^ 0, namely 

"^^^* > = 33-2Ar^ln[l+p(|)2p] ^^°^ 

with p < 1 for the integral over kt to exist and p > 1/2 for the correct analyticity in the momentum 
transfer variable. 



The parameter Qmax is linked by kinematics to the maximum transverse momentum allowed 



to single soft gluon emission in a given 



averaged over all the parton densities [Ul] 



lard collision, and for this purpose, we use an expression 






gmax(s) = xl:^- ^.ax, r d.2 ri . ^^ ^^^ ^ (^1) 



with Zmin = 4pLm/(^^1^2)- 

The use of eikonal representation allows us to consider multiple scatterings. Neglecting the real 
part of the eikonal function, the expression for the total cross section is given by 

atot = 2J cPh[^-e-<^^'^y''] (12) 

with n{h,s) = nsoft{b,s) +nhard{b,s) = nsoft{b,s) + ABN{b,s)ajet{s,Ptmin) denoting the average 
number of partonic collisions during the scattering. The hard term is evaluated using the expres- 
sions ([7]) and ([8]) for a jet and Abn^ while the soft one has a phenomenological parametrization 

ft 2 

nsoft{b, s) = A"^!^ (6, s)cro(l + e—=) (13) 

where ctq = constant is a parameter necessary to reproduce the right normalization of the total 
cross-section, while e = 0, 1 respectively for pp and pp scattering, vl^jy parametrized as in [101]. 

FigH] from [9| shows the range of values of the total cross-section produced with this model 
using a set of phenomenological values for the parameters Ptmin, c^o and p, and varying the parton 
densities. 

IV. SOFT GLUONS IN THE INFRARED LIMIT AND TOTAL CROSS-SECTION 

At very large energies, using the eikonal representation, the total cross-section in our model [lO|] 
reads 



JO 

where nfiard{b,s) = crjet{s)Ahard{b,s). We consider the asymptotic expression for a jet at high 
energies, which grows as a power of s: (7jet{s) ~ (Ti(s/so)^. Ahard{b.,s) is obtained through soft 
gluon resummation as 

Ahard{b,s)^e-^^^^'^ (15) 
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Fig. 1: Total cross-section obtained from our model [11| using different PDF's 
and with other models 14 1 



12| , compared with data [13 1 



where h{b,s) is given by Eq. ([4]). If we take now the limit kt ^>- where d?n{k) oc as{kf) and 
c^sih) ^ {^tf"', with p < 1, the integral (gD gives h{h, s) oc (6A)2p. This implies Ahard{h) oc e"^^^^^" 
and 



nhard = 2C(s)e 



-(bKfP 



where C{s) = Aq{s/ s^Yui. The resulting expression for ut is 



(Tt{s) f«27r / db^[l-e 
Jo 



-C(s)e-(''A) 



2p 



from which we derive 



ar -^ [eln(s; 



i{i/p) 



(16) 



(17) 



(18) 



The result shows explicitly that soft gluon resummation can restore the asymptotic growth of aT 
to lie within the Froissart bound. (Recall that 1/2 < p < I). 

V. CONCLUSIONS 



We have shown how soft gluon resummation acts as a saturation mechanism in the rise of the 
total cross-section. This effect, embedded into the eikonal formalism with QCD mini-jets to drive 



the rise, leads to asymptotic cross-sections which satisfy the Froissart bound. 
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